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Summary

The accuracy of streamline reservoir simulations depends strongly
on the quality of the velocity field and the accuracy of the stream-
line tracing method. For problems described on complex grids (e.g.,
corner-point geometry or fully unstructured grids) with full-tensor
permeabilities, advanced discretization methods, such as the family
of multipoint flux approximation (MPFA) schemes, are necessary
to obtain an accurate representation of the fluxes across control vol-
ume faces. These fluxes are then interpolated to define the velocity
field within each control volume, which is then used to trace the
streamlines. Existing methods for the interpolation of the velocity
field and integration of the streamlines do not preserve the accuracy
of the fluxes computed by MPFA discretizations.

Here we propose a method for the reconstruction of the velocity
field with high-order accuracy from the fluxes provided by MPFA
discretization schemes. This reconstruction relies on a correspon-
dence between the MPFA fluxes and the degrees of freedom of
a mixed finite-element method (MFEM) based on the first-order
Brezzi-Douglas-Marini space. This link between the finite-volume
and finite-element methods allows the use of flux reconstruction and
streamline tracing techniques developed previously by the authors
for mixed finite elements. After a detailed description of our stream-
line tracing method, we study its accuracy and efficiency using chal-
lenging test cases.

Introduction

The next-generation reservoir simulators will be unstructured. Sev-
eral research groups throughout the industry are now developing
a new breed of reservoir simulators to replace the current indus-
try standards. One of the main advances offered by these next-
generation simulators is their ability to support unstructured or, at
least, strongly distorted grids populated with full-tensor permeabil-
ities.

The constant evolution of reservoir modeling techniques provides
an increasingly realistic description of the geological features of
petroleum reservoirs. To discretize the complex geometries of geo-
cellular models, unstructured grids seem to be a natural choice.
Their inherent flexibility permits the precise description of faults,
flow barriers, trapping structures, etc. Obtaining a similar accuracy
with more traditional structured grids, if at all possible, would re-
quire an overwhelming number of gridblocks.

However, the added flexibility of unstructured grids comes with a
cost. To accurately resolve the full-tensor permeabilities or the grid
distortion, a two-point flux approximation (TPFA) approach, such
as that of classical finite difference (FD) methods is not sufficient.
The size of the discretization stencil needs to be increased to in-
clude more pressure points in the computation of the fluxes through
control volume edges. To this end, multipoint flux approximation
(MPFA) methods have been developed and applied quite success-
fully (Aavatsmark et al. 1996; Verma and Aziz 1997; Edwards and
Rogers 1998; Aavatsmark et al. 1998b; Aavatsmark et al. 1998c;
Aavatsmark et al. 1998a; Edwards 2002; Lee et al. 2002a; Lee et al.
2002b).

In this paper, we interpret finite volume discretizations as MFEM
for which streamline tracing methods have already been developed
(Matringe et al. 2006; Matringe et al. 2007b; Juanes and Matringe
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In Press). This approach provides a natural way of reconstructing
velocity fields from TPFA or MPFA fluxes. For finite difference or
TPFA discretizations, the proposed interpretation provides mathe-
matical justification for Pollock’s method (Pollock 1988) and some
of its extensions to distorted grids (Cordes and Kinzelbach 1992;
Prévost et al. 2002; Hægland et al. 2007; Jimenez et al. 2007).
For MPFA, our approach provides a high-order streamline tracing
algorithm that takes full advantage of the flux information from the
MPFA discretization.

Streamline Simulation

Streamline simulation is a fast alternative to classical reservoir sim-
ulation methods. To illustrate the difference between traditional and
streamline-based simulations, we take the example of an immisci-
ble two-phase displacement process, with negligible capillarity and
gravity forces. A more complete introduction to streamline meth-
ods can be found in Batycky et al. (1997), Bratvedt et al. (1993) or
King and Datta-Gupta (1998).

The flow problem, which describes the evolution of the pres-
sure p, is formed by the combination of Darcy’s law

u = −λk∇p, . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (1)

and a mass balance condition

∇ ·u = g. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2)

In Eqs. 1 and 2, u is the total Darcy velocity, λ the total fluid mobil-
ity, k a full permeability tensor, and g a source term. The combina-
tion of Eqs. 1 and 2 yields the classical elliptic flow problem

∇ · (−λk∇p) = g. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (3)

The transport problem, which describes the evolution of the sat-
uration S, follows a hyperbolic mass conservation equation:

φ
∂S

∂t
+u ·∇ f = 0, . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4)

where φ is the porosity of the medium and f is the fractional flow
function.

In traditional reservoir simulation, Eqs. 3 and 4 are solved si-
multaneously through a finite volume approach (Aziz and Settari
1979). In streamline simulation, the time-of-flight variable τ is in-
troduced to recast the transport problem into a series of independent
1D equations along streamlines (Datta-Gupta and King 1995):

∂S

∂t
+

∂ f

∂τ
= 0. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5)

Physically, τ describes the travel time of a fluid particle along a
streamline. The performance of streamline simulation emanates
from this modified formulation of the transport problem, which, in-
stead of being solved globally, can now be solved as a series of
simpler one-dimensional problems.

Streamline methods use a sequential approach to solve the flow
and the modified transport problem. First, the flow problem is
solved on the simulation grid to obtain the pressure solution at a
given time and the streamlines are traced. Second, the modified
transport problem is posed along the streamlines where the satura-
tions are advected following Eq. 5. The quality of the streamlines
in terms of location and time-of-flight is therefore crucial to the ac-
curacy of the overall simulation.
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A streamline tracing method is usually based on a fluid particle-
tracking concept. First the velocity field is reconstructed from the
pressure solution to the flow problem. This velocity field is then
integrated by following the path of a fluid particle in time. This
integration is usually performed to arbitrary precision, either ana-
lytically or numerically depending on the complexity of the veloc-
ity field. Therefore, the real challenge in tracing accurate stream-
lines is to reconstruct an accurate velocity field. This reconstruction
depends on the discretization used for the pressure equation. The
next two sections present how to perform this reconstruction for
MFEM and finite volume methods on general triangular or quadri-
lateral grids.

Streamline Tracing Based on MFEM

The Mixed Finite Element Method. Assuming, for simplicity,
that the relative mobility λ is constant (unit-mobility ratio displace-
ments), Eqs. 1 and 2 can be expressed as:

k
−1u+∇p = 0, . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6)

∇ ·u = g. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (7)

The essence of the mixed finite element method is to solve for pres-
sure p and velocity u simultaneously. As in any other finite element
procedure, the pressure and velocity fields are interpolated from the
pressure and flux unknowns using shape functions with local sup-
port:

u ≈
nedge

∑
i=1

UiN
u
i , . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8)

p ≈
nelem

∑
j=1

PjN
p
j , . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (9)

where Nu
i and N

p
j are the velocity and pressure shape functions,

respectively, and Ui and Pj are the corresponding flux and pressure
unknowns defined on the simulation grid, respectively.

The pressure and velocity spaces cannot be chosen independently
of each other. To obtain a convergent approximation, they must
satisfy two conditions (Brezzi and Fortin 1991; Brenner and Scott
1994): a standard coercivity condition, and the discrete inf–sup con-
dition (Babuška 1973; Brezzi 1974). Here, we restrict our attention
to spaces that satisfy the inf–sup condition in combination with a
discretization of the pressure field that is constant over each ele-
ment. Two well-known spaces are compatible with the chosen pres-
sure discretization: the lowest-order Raviart–Thomas space, RT0,
(Raviart and Thomas 1977) and the Brezzi–Douglas–Marini space
of order one, BDM1, (Brezzi et al. 1985). These are discussed be-
low.

Low-Order Velocity Field. Velocity fields in RT0 are described by
a constant normal trace along element edges, as sketched in Fig. 1.
Knowledge of the fluxes across each of the edges of an element is
sufficient to fully describe the RT0 velocity field. Thus, only one
velocity degree of freedom per edge is needed and, therefore, three
degrees of freedom are needed to fully characterize RT0 on triangles
and four on quadrilaterals (Fig. 2).

High-Order Velocity Field. This space improves the description of
the velocity field by allowing a linear variation of the normal trace
of the velocity along element edges, as depicted in Fig. 3. One
extra degree of freedom per edge is available for the description
of the velocity, which brings the dimensionality of BDM1 to 6 for
triangular elements, and 8 for quadrilaterals.

Treatment of Grid Distortion. The proposed streamline tracing
algorithm is defined in a reference space. This allows for a more ro-
bust and efficient implementation of the algorithm. Thus, we define
a mapping ϕ that describes the relationship between the reference
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Fig. 1—RT0 velocity fields are described by a constant velocity

profile on element edges.
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Fig. 2—Location of the pressure (P) and flux (U1–U4) unknowns

on the reference triangular and quadrilateral elements for the

lowest-order RT0 discretization.
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Fig. 3—BDM1 velocity fields are described by a linearly varying

normal trace along element edges.

coordinates x̂ in the reference element K̂ and the physical coordi-
nates x in the distorted element K (Figs. 4 and 5).

ϕ :

{

R
2 → R

2

x̂ ∈ K̂ 7→ x = ϕ(x̂) ∈ K
. . . . . . . . . . . . . . . . . (10)

For all gridcells, the mapping ϕ must be invertible and suffi-
ciently smooth. This guarantees that the Jacobian matrix of the
transformation D(x̂) = ∂ϕ/∂x̂ is invertible and that its determinant
J(x̂) = detD(x̂) is non zero. The mapping ϕ is taken as the classical
isoparametric mapping, which is defined as an interpolation of the
nodal coordinates xa in physical space:

x = ϕ(x̂) =
nnode

∑
a=1

Na(x̂)xa, . . . . . . . . . . . . . . . . . . . . . . . . . (11)

where Na are the classical finite element shape functions:

N1(x̂) = 1− x̂− ŷ, N2(x̂) = x̂, and N3(x̂) = ŷ . . . . . (12)

for triangular elements, and

N1 =
(1− x̂)(1− ŷ)

4
, N2 =

(1+ x̂)(1− ŷ)

4
,

N3 =
(1+ x̂)(1+ ŷ)

4
, N4 =

(1− x̂)(1+ ŷ)

4
, . . (13)
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Fig. 5—Mapping for quadrilateral elements.

for quadrilateral elements.
In addition to the coordinate mapping, working in a reference

element requires to map vector fields. The classical Piola transform
(Brezzi and Fortin 1991; Marsden and Hughes 1994) is used to map
the velocity field:

v(x) = P (v̂)(x) =
1

J(x̂)
D(x̂)v̂(x̂), . . . . . . . . . . . . . . . . . . (14)

with v and v̂ the velocity fields in the physical and reference spaces,
respectively. The essential property of the Piola transform is that
it preserves the normal trace of vector fields, which, in our case,
translates into the conservation of the fluxes through control volume
faces between the reference and physical spaces.

The introduction of the isoparametric mapping for the coordi-
nates and the Piola transform for the velocity field reduces the prob-
lem of streamline tracing on deformed elements to that of tracing
on reference elements (Cordes and Kinzelbach 1992; Prévost et al.
2002).

Integration of the Streamline Path. Once the velocity field is
reconstructed within an element, it can be integrated to yield the
streamline path. Juanes and Matringe (In Press) showed that both
the Raviart-Thomas and Brezzi-Douglas-Marini families of vector
fields yield a stream function and provided the form of these func-
tions. For these velocity fields, the streamline path is therefore
known analytically (Matringe et al. 2006; Matringe et al. 2007b).

However, both the streamline path and time-of-flight are needed
to solve the transport problem in streamline simulation. The time-
of-flight is defined as the travel time of a fluid particle along a
streamline (Datta-Gupta and King 1995):

τ =
Z

L

1

|u(s)|
ds, . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (15)

where s represents the arc length along the streamline L . The Piola
transform and isoparametric mapping are used to express Eq. 15 in
the reference space:

τ =
Z

L̂

1

|û(ŝ)|
J(x̂) dŝ. . . . . . . . . . . . . . . . . . . . . . . . . . . . (16)

In general, the integrand of Eq. 16 is too complex for an analyt-
ical integration and must be integrated numerically. There are two
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Fig. 6—Five-point (×) and nine-point (◦) stencils corresponding

to the TPFA and MPFA methods, respectively.

notable exceptions: (1) in triangular elements, because the isopara-
metric mapping is affine and the Jacobian J(x̂) is therefore constant;
(2) in rectangular elements where the mapping ϕ is also affine and
Pollock’s method (Pollock 1988) can then be used for an analytical
integration of the time-of-flight. In the numerical examples pre-
sented in this paper, the time-of-flight is always integrated numer-
ically using an explicit Runge-Kutta (4,5) integration to machine
precision (Dormand and Prince 1980).

Streamline Tracing Based on MPFA

The MPFA Method. In reservoir simulation, finite volume (FV)
methods are typically used for the discretization of Eq. 3. The sim-
ulation grid is formed by N nonoverlapping cells K j that span com-
pletely the simulation domain Ω:

Ω =
N

M

j=1

K j. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (17)

In this paper, we consider partitions of Ω formed by general trian-
gular and quadrilateral cells. Each gridcell K j is used as a control
volume to enforce an integral form of the mass balance condition of
Eq. 2:

Z

K j

∇ ·u dΩ =
Z

K j

g dΩ. . . . . . . . . . . . . . . . . . . . . . . . . . (18)

Let Γ j be the boundary of K j and n the outward unit vector normal
to Γ j . Using the divergence theorem, we rewrite the mass balance
condition on the control volume as:

F =
Z

Γ j

u ·n dΓ =
Z

K j

g dΩ, . . . . . . . . . . . . . . . . . . . . . . (19)

where F is defined as the flux out of the control volume K j. FV
methods approximate F as a sum over the cell edges by interpo-
lation from neighboring pressure nodes. The number of pressure
nodes used to compute a given flux defines the stencil of the FV
method. A larger stencil increases the number of connections be-
tween cells. This usually leads to a more accurate but more costly
solution. The two main types of FV methods used in reservoir sim-
ulation are TPFA and MPFA.

In TPFA, the flux across an interface is computed using the pres-
sure nodes located at the center of the two gridblocks sharing their
boundary. This leads to the classic five-point stencil on structured
quadrilateral grids (Fig. 6). TPFA cannot, however, account prop-
erly for grid distortion or full-tensor permeabilities.

MPFA methods were developed to discretize the flow problem on
advanced grids. An excellent introduction (including an extensive
literature review) to MPFA discretization is given by Aavatsmark
(2002). To take into account more accurately the grid distortion or
full-tensor permeabilities, the MPFA stencil is extended. The flux

through the ith interface is now interpolated as

Fi = ∑
j∈J

Ti j p j, . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (20)
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where Ti j is a transmissibility coefficient and J the set of gridblocks

that share a node with the ith interface. For a structured quadrilat-
eral grid, six pressure nodes are therefore used to compute a flux
(Fig. 7), which leads to a nine-point stencil (Fig. 6).

To compute the transmissibility coefficients Ti j of Eq. 20, a dual
grid is created. This dual grid is staggered with respect to the primal
grid defining the gridblocks. Each cell of the dual grid is referred to
as an interaction region and is centered on a node of the primal grid
Fig. 8).

The interaction regions divide each cell interface into two subin-
terfaces. The transmissibility coefficients of Eq. 20 are obtained
by solving local problems on the interaction regions. This local
problem is defined through an approach similar to that of the 1D
problem. The pressure is assumed to vary linearly within each grid-
block and is constrained by pressure and flux continuity conditions
across subinterfaces. Because it is usually impossible to obtain full
pressure and flux continuity across subinterfaces, the pressure con-
tinuity constraints are only weakly enforced. The existing MPFA
methods differ mainly in the way this weak pressure continuity is
enforced.

The important point is that MPFA computes two subfluxes per
edge. These subfluxes correspond to the flux of the velocity field
through each half-edge. The total flux through the edge is the sum of
these two subfluxes. For an MPFA discretization, the reconstruction
of the velocity field can be based either on the total fluxes or on the
subfluxes.

Our strategy to reconstruct the MPFA velocity fields is to in-
terpret the total fluxes or subfluxes provided by MPFA as MFEM
degrees of freedom. The shape functions of the MFEM velocity
spaces are then used to interpolate the MPFA fluxes and yield a
continuous velocity field within the control volume that is consis-

tent with the discrete fluxes provided by the MPFA discretization.
The velocity fields so defined are guaranteed to be divergence-free,
curl-free and to yield a stream function (Juanes and Matringe In
Press).

Low-Order Tracing—Pollock’s Method. The RT0 space is used to
reconstruct velocity fields defined by the total MPFA fluxes. Since
the RT0 degrees of freedom are defined as the total fluxes through
element edges, we write the reconstructed velocity in the reference
space as

v̂(x̂) =
ne

∑
e=1

FeNe(x̂), . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (21)

with ne the number of edges per element, Fe the total MPFA flux
through edge e and Ne the RT0 shape function corresponding to
edge e. For the reference triangle, ne = 3 and

N1 = (x̂,−1+ ŷ)t , N2 = (x̂, ŷ)t , and

N3 = (−1+ x̂, ŷ)t . . . . . . . . . . (22)

For the reference square, ne = 4 and

N1 =
1

4
(0,−1+ ŷ)t , N2 = 1

4 ( 1+ x̂,0)t ,

N3 =
1

4
(0, 1+ ŷ)t , N4 = 1

4 (−1+ x̂,0)t . . . . . . (23)

On Cartesian grids, we recover Pollock’s method (Pollock 1988).
On general quadrilateral grids, with the coordinate mapping of Eq. 11
and the Piola transform of Eq. 14, we obtain the extension of Pol-
lock’s method to distorted grids proposed by Cordes and Kinzel-
bach (1992).

High-Order Tracing. To reconstruct a higher-order velocity field,
the two subfluxes provided by MPFA on each edge are used. The
BDM1 space defines the interpolated velocity field in the reference
space as

v̂(x̂) =
ne

∑
e=1

2

∑
i=1

fe,iNe,i(x̂), . . . . . . . . . . . . . . . . . . . . . . . . (24)

where fe,i (i = 1,2) are the MPFA subfluxes associated with edge
e. Ne,i are the BDM1 shape functions on the reference triangle:

N1,1 = (0, −1+ x̂ + ŷ)t , N1,2 = (x̂, − x̂)t ,

N2,1 = (x̂, 0)t , N2,2 = (0, ŷ)t ,

N3,1 = (−1+ x̂ + ŷ, 0)t , N3,2 = (−ŷ, ŷ)t . . . . . . (25)

or on the reference quadrilateral:

N1,1 = 1
4

(

−(1− x̂2)/2, (1− x̂)(−1+ ŷ)
)t

,

N1,2 = 1
4

(

(1− x̂2)/2, (1+ x̂)(−1+ ŷ)
)t

,

N2,1 = 1
4

(

(1+ x̂)(1− ŷ), −(1− ŷ2)/2
)t

,

N2,2 = 1
4

(

(1+ x̂)(1+ ŷ), (1− ŷ2)/2
)t

,

N3,1 = 1
4

(

(1− x̂2)/2, (1+ x̂)(1+ ŷ)
)t

,

N3,2 = 1
4

(

−(1− x̂2)/2, (1− x̂)(1+ ŷ)
)t

,

N4,1 = 1
4

(

(−1+ x̂)(1+ ŷ), (1− ŷ2)/2
)t

,

N4,2 = 1
4

(

(−1+ x̂)(1− ŷ), −(1− ŷ2)/2
)t

, . . (26)

The idea of using the MPFA subfluxes in the velocity reconstruction
was first introduced by Prévost et al. (2002). To trace streamlines,
Prévost et al. proposed to divide each control volume into subcells,
defined as the regions of the control volume delimited by the MPFA
interaction regions. A flux post-processing technique was used to
recover fluxes through the edges of the interaction regions. The
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Fig. 9—Heterogeneous permeability field from Mosé et

al. (1994). Permeability values: white= 1; light gray= 10−1; dark

gray= 10−2; black= 10−3.

streamlines were then traced on each subcell using the extension of
Pollock’s algorithm to distorted grids.

Using BDM1 to trace streamlines offers two advantages over the
approach of Prévost et al. First, BDM1 provides a velocity field with
linearly varying normal components over control-volume edges,
which is more accurate than the piecewise constant approximation
obtained by Prévost et al. Second, the BDM1-based tracing does not
require a flux recovery procedure since the velocity field is directly
interpolated from the subfluxes provided by the MPFA discretiza-
tion.

Numerical Results

In this section, we compare the streamlines obtained with the low-
order and high-order tracing methods described previously, obtained
from the same MPFA solution of the pressure equation. The differ-
ences are caused exclusively by the amount of information used
for the velocity reconstruction: only the MPFA edge fluxes in the
low-order RT0-based tracing, and the MPFA half-edge fluxes in the
high-order BDM1-based tracing. Moreover, because they emanate
from the same pressure solution and because their path is known
analytically, no significant or consistent difference was observed in
the computational cost of both sets of streamlines. The differences
in computational cost are solely because of the numerical integra-
tion of the time-of-flight, which was not found to depend strongly
on the type of velocity field used.

Permeability Heterogeneity. Reservoir heterogeneity is a key com-
ponent of any reservoir model. It is therefore crucial for a streamline
tracing algorithm to accurately handle the discontinuities of perme-
ability fields.

To isolate the influence of the permeability heterogeneity from
that of permeability anisotropy or grid distortion, we simulate a
problem on a Cartesian grid populated with heterogeneous but iso-
tropic permeability. We used a test case proposed by Mosé et al.
(1994), designed to compare the performance of various discretiza-
tion methods in the presence of heterogeneity. The permeability
field used in this test case is shown in Fig. 9. Four orders of mag-
nitudes of permeability variations represent flow barriers and high-
permeability streaks that force the streamlines to meander through
the domain. A unit pressure is set at the top boundary and a zero
pressure at the bottom. The left and right domain boundaries are im-
permeable. Streamlines are launched at equidistant points located
at the top of the domain.

On a Cartesian grid and with a diagonal permeability tensor,
MPFA reduces to the classical 5-point stencil of TPFA. Because the
diagonal points are not included in the stencil, both subedge trans-
missibilities associated with a given interface are equal, which leads
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Fig. 10—MPFA streamlines from the RT0 and BDM1–based trac-

ing (overlapping exactly).

to a constant velocity profile through any given edge. For validation
purposes, we here check that both the low- and high-order tracing
algorithms recover identical streamlines. The streamlines obtained
from both methods are plotted in Fig. 10. A single set of stream-
lines is visible as they overlap exactly. As expected, both tracing
methods result in identical time-of-flights as well.

Grid Distortion and Full-Tensor Permeability. A full permeabil-
ity tensor is required for the description of anisotropic permeability
fields with principal directions misaligned with the simulation grid.

In this example, we test the ability of our streamline tracing al-
gorithm to enhance the velocity description and streamline quality
in the presence of full tensor permeabilities. The first test case is
based on a strongly distorted quadrilateral grid shown in Fig. 11
and formed by chevron-shaped elements exhibiting a 70◦ distortion
angle. To test the tracing methods on a triangular grid, each quadri-
lateral of the chevron grid was also split in two triangles to form the
grid shown in Fig. 12.

The domain has impermeable boundaries, and pressure boundary
conditions are set following a quarter of a five spot pattern: Unit
pressure is fixed at the bottom-left gridblock, and zero pressure is
imposed at the top-right cell.

The permeability field is homogeneous but presents a 10:1 aniso-
tropy ratio and is rotated by a 45◦ angle from the principal coordi-
nate system:

k = Rt

(

10 0
0 1

)

R =

(

5.5 4.5
4.5 5.5

)

, . . . . . . . . . . . (27)

with the rotation matrix R defined by

R =

(

cos(45◦) sin(45◦)
−sin(45◦) cos(45◦)

)

. . . . . . . . . . . . . . . . . (28)

The MPFA method leads to a nine-point stencil on the quadri-
lateral grid and, in this case, the contributions of the diagonal en-
tries of the stencil are expected to be significant. To compare the
streamlines traced with the classical and higer-order flux recon-
struction techniques, we used a reference solution defined with the
same boundary conditions and permeability field, but computed on
a 100×100 Cartesian grid and solved with a BDM1 MFEM.

Figs. 11 and 12 present the pressure solutions and reference stream-
lines, and compare the low-order and high-order streamlines ob-
tained on the quadrilateral and triangular grids, respectively. Ta-
ble 1 reports the relative error in time-of-flight recorded for each
streamline, with respect to the reference streamlines obtained on
the refined grid with the mixed finite element method. The stream-
lines are numbered from the top to the bottom. The average time of
flight error is also presented.
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Fig. 11—Left: pressure solution on the quadrilateral chevron

grid and reference streamlines. Right: streamlines traced on

the quadrilateral chevron grid with the RT0 (solid lines) and

BDM1 (dotted lines) velocity fields.

Fig. 12—Left: pressure solution on the triangular chevron grid

and reference streamlines. Right: streamlines traced on the tri-

angular chevron grid with the RT0 (solid lines) and BDM1 (dot-

ted lines) velocity fields.

TABLE 1—RELATIVE TIME OF FLIGHT ERROR FOR EACH

STREAMLINE TRACED ON THE CHEVRON GRIDS

Quadrilaterals Triangles

SL # RT0 (%) BDM1 (%) RT0 (%) BDM1 (%)

1 26.50 7.92 12.99 6.91

2 5.05 5.04 2.70 2.62

3 4.07 1.37 1.92 1.42

4 11.23 1.61 12.09 3.44

5 3.66 1.33 2.70 0.35

6 4.84 1.21 2.50 0.95

7 55.56 5.57 26.95 6.47

Average 15.84 3.43 8.84 3.17

Clearly, for both the quadrilateral and the triangular grids, the
streamlines obtained with the BDM1-based flux reconstruction tech-
nique are more accurate, both in terms of actual location and time
of flight. In addition, we recall that this increased accuracy of the
BDM1-based tracing is obtained with the same computational cost
and memory requirements as the RT0 streamlines.

To understand the importance of the time-of-flight accuracy, we
focus our attention on the diagonal streamline (the fourth streamline
from the top). In the simulation of an injection problem, the time-
of-flight along this diagonal streamline would provide the break-
through time of the injected fluid. We see that using the RT0-based
tracing, which is Pollock’s method corrected for grid distortion and
full tensor permeabilities, would lead to a 11% error in the estimated
breakthrough time. The use of the BDM1-based tracing reduces this
error to under 2%.

Unstructured Grid. This last example represents a reservoir com-
posed of two rock types, a base rock of relatively high permeability

Fig. 13—Coarse unstructured grid and permeability field.

and a low-permeability rock forming three flow barriers. The per-
meability of the base rock presents a 10:1 anisotropy ratio and its
principal directions are rotated by a 15◦ angle from the coordinate
system:

k = Rt

(

10 0
0 1

)

R ≈

(

9.40 2.25
2.25 1.60

)

, . . . . . . . . (29)

with the rotation matrix R defined as in Eq. 28. The rock forming
the flow barriers is isotropic and of permeability 10−3.

The domain boundaries are impervious. An injector of unit pres-
sure is placed at the bottom left of the domain and a producer of zero
pressure is located in the top right corner. To describe accurately the
geometry of the flow barriers and the well locations, two unstruc-
tured triangular grids are defined. The coarse, 599-element grid is
shown on Fig. 13 and the finer 4,841-element grid is presented in
Fig. 14.

On the coarser grid, MPFA is used to solve the flow problem and
streamlines are traced using the RT0 and BDM1 velocity field recon-
struction. Ten streamlines are launched from the edges of the inject-
ing well and traced all the way to the edges of the producing well.
Fig. 16 shows the launching points of the streamlines and presents
their numbering. Fig. 15 compares the streamlines obtained on the
coarse grid with the RT0- and BDM1-based tracing methods.

On the fine grid, a BDM1 mixed finite element method is used to
solve for the pressure and velocity fields and to trace the streamlines
presented in Fig. 14 that we use as reference.

Table 2 presents the relative errors in time-of-flight for the ten
streamlines traced on the coarse grid with the RT0 and the BDM1

velocity fields. Once again, the results show how the BDM1-based
tracing algorithm provides superior streamlines than the RT0-based
method, both in terms of location and time-of-flight. It is interest-
ing to notice that the fifth and sixth streamlines traced with the RT0
velocity field present the largest time-of-flight errors. The corre-
sponding BDM1-based streamlines are more than twice as accurate.
Because of their central location, these streamlines have the high-
est velocities and shortest time-of-flight so that they carry the most
flow between the two wells. Therefore, in this example, the BDM1
tracing is expected to have a large positive impact on the overall
accuracy of the streamline method.

Conclusions

In this paper, we present a streamline tracing method for MPFA
discretizations on general triangular or quadrilateral grids. The ve-
locity field is reconstructed by interpolation of the MPFA subfluxes
to recover a linear velocity profile across edges. This interpolation
is based on the first order Brezzi-Douglas-Marini space (BDM1).
The streamline path is obtained analytically since the stream func-
tion for a BDM1 velocity field is known (Juanes and Matringe In
Press). The time-of-flight is however too complex to yield an ana-
lytical expression and is therefore integrated numerically.

Our numerical experiments show that in the presence of mis-
aligned anisotropic permeability or grid distortion, the higher-order
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Fig. 14—Streamlines (left) traced on the reference unstructured

grid (right).

Fig. 15—Streamlines traced on the coarse unstructured grid

with the RT0-based (left) and BDM1-based (right) tracing.

1

2 3 4

5

6

789

10

Fig. 16—Location of the streamline launching points on the

edges of the gridcell containing the injection well.

TABLE 2—RELATIVE TIME OF FLIGHT ERROR FOR THE

STREAMLINES TRACED ON THE UNSTRUCTURED GRID

SL # RT0 (%) BDM1 (%)

1 3.94 1.37

2 5.61 3.01

3 7.88 4.37

4 9.86 7.08

5 20.15 8.50

6 17.84 8.03

7 12.13 8.23

8 8.80 6.90

9 7.22 4.72

10 11.71 10.60

Average 10.51 6.28

velocity reconstruction based on BDM1 recovers more accurate
streamlines and time-of-flight than existing methods based on RT0
velocity fields such as Pollock’s method (Pollock 1988) or its ex-
tension to general quadrilaterals (Cordes and Kinzelbach 1992). It
is important to note that no extra computational cost is associated
to this gain in accuracy. The subfluxes used for the velocity recon-
struction are already computed by the MPFA method. Therefore,
our approach does not require a flux recovery procedure and tracing
on a finer grid, as in the method by Prévost et al. (2002).

The proposed streamline tracing algorithm provides a rigorous
extension of the streamline method to general triangular or quadri-
lateral grids populated with tensor permeabilities. Finally, we note
that the velocity reconstruction technique presented here extends
naturally to 3D grids (Matringe et al. 2007a; Matringe et al. 2009)
and will be the subject of an upcoming publication.

Nomenclature

D = Jacobian matrix of the mapping
f = fractional flow function
F = flux out of a control volume

Fi = flux associated with the ith edge of the grid
g = source term
J = determinant of the Jacobian matrix D
k = permeability tensor

K̂ = reference element

Ki = ith control volume

L , L̂ = streamline in the real and reference space
n = outward pointing normal to a boundary
N = number of gridcells

Na = shape function associated with the ath node
p = pressure
P = Piola transform

p j = average pressure of the jth gridblock
S = saturation
t = time in the real space

Ti j = transmissibility coefficient associated with the ith

edge and the jth pressure node
u, û = Darcy velocity in the physical and reference space
ux,uy = x- and y- components of u
x, x̂ = coordinates in the physical and reference space
Γ = edge or boundary
λ = total fluid mobility
τ = time-of-flight
ϕ = isoparametric mapping
Ψ = stream function
Ω = simulation domain
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