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Summary

We perform detailed stability and convergence analyses of sequen-
tial-implicit solution methods for coupled fluid flow and reservoir
geomechanics. We analyze four different sequential-implicit solu-
tion strategies, where each subproblem (flow and mechanics) is
solved implicitly: two schemes in which the mechanical problem
is solved first—namely, the drained and undrained splits—and
two schemes in which the flow problem is solved first—namely,
the fixed-strain and fixed-stress splits. The von Neumann method
is used to obtain the linear-stability criteria of the four sequential
schemes, and numerical simulations are used to test the validity
and sharpness of these criteria for representative problems. The
analysis indicates that the drained and fixed-strain splits, which
are commonly used, are conditionally stable and that the stability
limits depend only on the strength of coupling between flow and
mechanics and are independent of the timestep size. Therefore, the
drained and fixed-strain schemes cannot be used when the cou-
pling between flow and mechanics is strong. Moreover, numerical
solutions obtained using the drained and fixed-strain sequential
schemes suffer from oscillations, even when the stability limit is
honored. For problems where the deformation may be plastic (non-
linear) in nature, the drained and fixed-strain sequential schemes
become unstable when the system enters the plastic regime. On
the other hand, the undrained and fixed-stress sequential schemes
are unconditionally stable regardless of the coupling strength, and
they do not suffer from oscillations. While both the undrained
and fixed-stress schemes are unconditionally stable, for the cases
investigated we found that the fixed-stress split converges more
rapidly than the undrained split. On the basis of these findings, we
strongly recommend the fixed-stress sequential-implicit method
for modeling coupled flow and geomechanics in reservoirs.

Introduction

Reservoir geomechanics is concerned with the study of fluid flow
and the mechanical response of the reservoir. Reservoir geomechani-
cal behavior plays a critical role in compaction drive, subsidence,
well failure, and stress-dependent permeability, as well as tar-sand
and heavy-oil production [see, for example, Lewis and Sukirman
(1993), Settari and Mourits (1998), Settari and Walters (2001),
Thomas et al. (2003), Li and Chalaturnyk (2005), Dean et al. (2006),
and Jha and Juanes (2007)]. The reservoir-simulation community
has traditionally emphasized flow modeling and oversimplified the
mechanical response of the formation through the use of the rock
compressibility, taken as a constant coefficient or a simple function
of porosity. In order to quantify the deformation and stress fields
because of changes in the fluid pressure field and to account for
stress-dependent permeability effects, rigorous and efficient model-
ing of the coupling between flow and geomechanics is required.

In recent years, the interactions between flow and geomechanics
have been modeled using various coupling schemes (Settari and
Mourits 1998; Settari and Walters 2001; Mainguy and Longuemare
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2002; Minkoff et al. 2003; Thomas et al. 2003; Tran et al. 2004,
2005; Dean et al. 2006; Jha and Juanes 2007). Coupling methods
are classified into four types: fully coupled, iteratively coupled,
explicitly coupled, and loosely coupled (Settari and Walters 2001;
Dean et al. 2006). The characteristics of the coupling methods are

1. Fully coupled. The coupled governing equations of flow
and geomechanics are solved simultaneously at every timestep
(Lewis and Sukirman 1993; Wan et al. 2003; Gai 2004; Phillips
and Wheeler 2007a, 2007b; Jeannin et al. 2006). For nonlinear
problems, an iterative (e.g., Newton-Raphson) scheme is usually
employed to compute the numerical solution. The fully coupled
method is unconditionally stable, but it is computationally very
expensive. Development of a fully coupled flow/mechanics reser-
voir simulator, which is needed for this approach, is quite costly.

2. Iteratively coupled. These are sequential (staggered) solution
schemes. Either the flow or the mechanical problem is solved first,
then the other problem is solved using the intermediate solution
information (Prevost 1997; Settari and Mourits 1998; Settari and
Walters 2001; Mainguy and Longuemare 2002; Thomas et al.
2003; Tran et al. 2004; Gai 2004; Tran et al. 2005; Wheeler
and Gai 2007; Jha and Juanes 2007; Jeannin et al. 2006). For
each timestep, several iterations are performed, each involving
sequential updating of the flow and mechanics problems until the
solution converges to within an acceptable tolerance. For a given
timestep, at convergence, the fully coupled and sequential solutions
are expected to be the same if they both employ the same spatial
discretization schemes of the flow and mechanics problems. In
principle, a sequential scheme offers several advantages (Mainguy
and Longuemare 2002), including working with separate modules
for flow and mechanics, each with its own advanced numerics and
engineering functionality. Sequential treatment also facilitates the
use of different computational domains for the flow and mechani-
cal problems. In practice, the domain of the mechanical problem
is usually larger than that for flow because the details of the stress
and strain fields at reservoir boundaries can be an important part of
the problem (Settari and Walters 2001; Thomas et al. 2003).

3. Explicitly coupled. This is also called the noniterative (sin-
gle-pass) sequential method. This is a special case of the iteratively
coupled method, where only one iteration is taken (Park 1983;
Zienkiewicz et al. 1988; Armero and Simo 1992; Armero 1999).

4. Loosely coupled. The coupling between the two problems is
resolved only after a certain number of flow timesteps (Bevillon
and Masson 2000; Gai et al. 2005; Dean et al. 2006; Samier and
Gennaro 2007). This method can be less costly compared with the
other strategies. However, reliable estimates of when to update the
mechanical response are required.

Given the enormous software development and computational
cost of a fully coupled flow/mechanics approach, it is desirable to
develop sequential-implicit coupling methods that can be competi-
tive with the fully implicit method (i.e., simultaneous solution of
the flow and mechanics problems), in terms of numerical stability
and computational efficiency. Sequential or staggered coupling
schemes offer wide flexibility from a software-engineering per-
spective, and they facilitate the use of specialized numerical
methods for dealing with mechanics and flow problems (Felippa
and Park 1980; Settari and Mourits 1998). As opposed to the
fully coupled approach, with sequential-implicit schemes, one
can use separate software modules for the mechanics and flow
problems, whereby the two modules communicate through a well-
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defined interface (Felippa and Park 1980; Samier and Gennaro
2007). Then, the robustness and efficiency of each module—flow
and geomechanics—are available for the coupled flow/mechanics
problem. In order for a sequential-implicit simulation framework to
succeed, it should possess stability and convergence properties that
are competitive with the corresponding fully coupled strategy.

We analyze the stability and convergence behaviors of sequen-
tial (staggered) -implicit schemes for coupled mechanics and flow
in oil reservoirs. In addition to building on the developments in
the reservoir-simulation community, we take advantage of the sig-
nificant efforts in the geotechnical and computational-mechanics
communities in pursuit of stable and efficient sequential-implicit
schemes for coupled poromechanics (or the analogous thermome-
chanics) problems (Park 1983; Zienkiewicz et al. 1988; Huang
and Zienkiewicz 1998; Farhat et al. 1991; Armero and Simo 1992;
Armero 1999).

Most of the sequential methods developed in the geotechnical
community assume that the mechanical problem is solved first. In
this context, two different schemes have been used. One method
is called the drained split [the isothermal split in the thermoelastic
problem (Armero and Simo 1992)], and the other is the undrained
split (Zienkiewicz et al. 1988; Armero 1999; Jha and Juanes 2007)
[the adiabatic split in the thermoelastic problem (Armero and
Simo 1992)]. The drained-split scheme freezes the pressure when
solving the mechanical-deformation problem. This scheme is
only conditionally stable, even though each of the subproblems is
solved implicitly (Armero 1999). The undrained-split strategy, on
the other hand, freezes the fluid mass content when solving the
mechanics problem. Armero (1999) showed that the undrained
split honors the dissipative character of the continuum problem of
coupled mechanics and flow in porous media and that it is uncon-
ditionally stable with respect to time evolution, independently of
the schemes used for spatial discretization. Of course, numerical
solution strategies must employ appropriate spatial discretization
schemes for the flow (pressure) and mechanics (displacement vec-
tor). The undrained-split scheme has been applied successfully to
solve coupled linear (Zienkiewicz et al. 1988; Huang and Zienkie-
wicz 1998) and nonlinear (Armero 1999) problems.

In the reservoir-engineering community, the focus has largely
been on extending general-purpose (robust behavior with wide
engineering functionality) reservoir-flow simulators to account
for geomechanical deformation effects. As a result, sequential
coupling schemes are popular. However, not all sequential cou-
pling schemes are created equal. An obvious split corresponds to
freezing the displacements during the solution of the flow problem
and then solving the mechanics problem with the updated pressure
field. Unfortunately, this “fixed-strain” scheme is conditionally
stable. Here, we show that the fixed-strain split has stability char-
acteristics that are quite similar to those of the “drained” split.

Settari and Mourits (1998) described a sequential-implicit
coupling strategy, in which the flow and mechanics problems com-
municate through a porosity correction. Since then, published sim-
ulation results and engineering experience have shown that their
method has good stability and convergence properties, especially
for linear poroelasticity problems. However, no formal stability
analysis of the Settari and Mourits scheme was available. Here, we
perform such a stability analysis. Specifically, we show that their
scheme is a special case of the “fixed-stress” split, which we prove
to be unconditionally stable. Moreover, we demonstrate that the
fixed-stress split is also quite effective for nonlinear deformation
problems. Wheeler and Gai (2007) employed advanced numerical
methods for the spatial discretization of coupled poroelasticity and
single-phase flow. Specifically, they used a finite-element method
for flow and a continuous Galerkin scheme for the displace-
ment-vector field. They used a sequential scheme to couple the
flow and mechanics problems, in which they first solve the flow
problem by lagging the stress field and then solve the mechanics
problem. Their coupling scheme is quite similar to that used by
Settari and Mourits (1998) and enjoys good stability properties.
Wheeler and Gai (2007) provide a priori convergence-rate esti-
mates of this fixed-stress coupling scheme for single-phase flow
and poroelasticity.
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Mainguy and Longuemare (2002) described three different strat-
egies to sequentially couple compressible fluid flow in the presence
of poroelastic deformation in oil reservoirs. For each sequential
strategy, they showed the corresponding porosity-correction term
that must be used to account for geomechanical effects. Specifi-
cally, they derived the porosity correction in terms of (1) volumetric
strain, (2) pore volume, and (3) total mean stress. While no stabil-
ity analysis of the various sequential schemes was provided, they
demonstrated that the pore-compressibility factor can be used as a
relaxation parameter to speed up the convergence rate of sequential-
implicit schemes (Mainguy and Longuemare 2002).

There is a growing recognition that different sequential-implicit
solution strategies for coupling fluid flow and geomechanical
deformation in reservoirs often lead to vastly different behaviors
in terms of stability, accuracy, and efficiency. Here, we perform
detailed analysis of both the stability and convergence properties of
sequential schemes for coupling flow and geomechanical deforma-
tion. Moreover, detailed analysis of the applicability of sequential
schemes to coupled nonlinear deformation (e.g., plasticity) and
flow is also performed. Specifically, we analyze the stability and
convergence behaviors of four sequential coupling schemes:
drained, undrained, fixed strain, and fixed stress. Both poroelastic
and poroelastoplastic mechanics are analyzed in the presence of a
slightly compressible, single-phase fluid.

Our stability analysis shows that the drained and fixed-strain
split methods are conditionally stable; moreover, their stability
limit is independent of timestep size and depends only on the cou-
pling strength. Therefore, problems with strong coupling cannot
be solved by the drained or fixed-strain schemes, regardless of the
timestep size. On the other hand, we show that the undrained and
fixed-stress split methods are unconditionally stable and that they
are free of oscillations with respect to time. We also show that the
undrained and fixed-stress sequential-implicit methods are conver-
gent and monotonic for nonlinear elastoplastic problems.

Mathematical Model

We adopt a classical continuum representation where the fluid and
solid are viewed as overlapping continua. The physical model is
based on poroelasticity and poroelastoplasticity theories (Coussy
1995). We assume isothermal single-phase flow of a slightly
compressible fluid, small deformation (i.e., infinitesimal trans-
formation), isotropic geomaterial, and no stress dependence of
flow properties, such as porosity or permeability. The governing
equations for coupled flow and reservoir geomechanics come
from the conservation of mass and linear momentum. Under the
quasistatic assumption for earth displacements, the governing
equation for mechanical deformation of the solid/fluid system can
be expressed as

Divo +p,g=0,

where Div(-) is the divergence operator, o is the Cauchy total
stress tensor, g is the gravity vector, p, = ¢p+(1-d)p, is the bulk
density, p, is fluid density, p, is the density of the solid phase, and
¢ is the true porosity. The true porosity is defined as the ratio of
the pore volume to the bulk volume in the deformed configuration.
A stress/strain relation must be specified for the mechanical behav-
ior of the porous medium. Changes in total stress and fluid pressure
are related to changes in strain and fluid content by Biot’s theory
(Biot 1941; Geertsma 1957; Coussy 1995; Lewis and Schrefler
1998; Borja 2006). Following Coussy (1995), the poroelasticity
equations can be written as

1 1
2 (m— =b 2 (p_
P~ (m—m,)=be, + I (p—py).

where subscript O refers to the reference state, C,, is the rank-4
drained elasticity tensor, 1 is the rank-2 identity tensor, p is fluid
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pressure, m is fluid mass per unit bulk volume, M is the Biot
modulus, and b is the Biot coefficient. Note that we use the conven-
tion that tensile stress is positive. Assuming that the infinitesimal
transformation assumption is applicable, the linearized strain ten-
sor € can be expressed as

1
£=Grad'u= E(Grad u+ Grad’u). .................. 4)
Note that (Coussy 1995)
1 b-d

H = ¢0Cf + : P (5)
K

b= 1— 6
X (0)

$

where c; is the fluid compressibility (1/K)), K is the bulk modulus
of the fluid, K| is the bulk modulus of the solld grain, and K, is the
drained bulk modulus The strain and stress tensors, respectlvely,
can be expressed in terms of their volumetric and deviatoric parts
as follows:

e=—¢gl+e ... ... @)
o=0,1+s, ... 8)
where & = tr(¢) is the volumetric strain (trace of the strain ten-

. L . 1 .
sor), e is the deviatoric part of the strain tensor, o, = —tr(g) is
the volumetric (mean) total stress, and s is the deviatoric total

stress tensor.
Under the assumption of small deformation, the fluid mass-
conservation equation is

om .
o +Divg=p;,f,

where q is the fluid mass flux and fis a volumetric source term.
The fluid volume flux (velocity), v = q/p;,, relative to the deform-
ing skeleton, is given by Darcy’s law (Coussy 1995):

where k is the absolute-permeability tensor, w is fluid viscosity,
and B, = p,/p, is the formation volume factor of the fluid (Aziz
and Settari 1979).

Using Eq. 3, we write Eq. 9 in terms of pressure and volumetric
strain:

Lo % i (11)
M ot ot Pro

By noting the relation between volumetric stress and strain,
(0,=0,0)+b(P—po)=Ky& oo (12)

we write Eq. 11 in terms of pressure and the total (mean) stress:

[u )afu
M K, )ot

Egs. 11 and 13 are two equivalent expressions of mass con-
servation (i.e., flow problem) in a deforming porous medium.
Substitution of Darcy’s law in Egs. 11 and 13 leads, respectively,
to pressure/strain and pressure/stress forms of the flow equation.
These two forms of mass conservation are equivalent. However,

b 9o, A
K, ot
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using one form vs. the other in a sequential-implicit scheme to
couple flow with mechanics leads to very different stability and
convergence behaviors. Later, we use these expressions (Egs. 11
and 13) to show the exact forms of the operator-splitting strategies
(solving two subproblems—flow and mechanics—sequentially)
studied in this paper.

To complete the description of the coupled flow and geome-
chanics mathematical problem, we need to specify initial and
boundary conditions. For the flow problem, we consider the bound-
ary conditions p=p (prescribed pressure) on I',, and v-n=V
(prescribed volumetric flux) on I', where n is the outward unit
normal to the boundary d€). For well-posedness, we assume that
I,Al =@ and ', LT =0Q.

The boundary conditions for the mechanical problem are u=1u
(prescribed displacement) on I', and ¢ -n = t (prescribed traction)
on I' . Again, we assume I', "', =&, and ', UT', = 0Q.

Initialization of the geomechanical model is a difficult task in
itself (Fredrich et al. 2000). The initial stress field should satisfy
mechanical equilibrium and be consistent with the history of
the stress/strain paths. Here, we take the initial condition of the
coupled problem as pl_,= p, and o|_ =0,

Discretization

The finite-volume method is widely used in the reservoir-flow-
simulation community (Aziz and Settari 1979). On the other
hand, nodal-based finite-element methods are quite popular in
the geotechnical engineering and thermomechanics communities
(Zienkiewicz et al. 1988; Lewis and Sukirman 1993; Lewis and
Schrefler 1998; Armero and Simo 1992; Armero 1999; Wan et al.
2003; White and Borja 2008). In the finite-volume method for
the flow problem, the pressure is located at the cell center. In the
nodal-based finite-element method for the mechanical problem,
the displacement vector is located at vertices (Hughes 1987). This
space-discretization strategy has the following characteristics:
local mass conservation at the element level; a continuous displace-
ment field, which allows for tracking the deformation; and conver-
gent approximations with the lowest-order discretization (Jha and
Juanes 2007). Because we assume a slightly compressible fluid, the
given space discretization provides a stable pressure field (Phillips
and Wheeler 2007a, 2007b). It is well known that, for incompress-
ible (solid/fluid) systems, nodal-based finite-element methods
incur spurious pressure oscillations if equal-order approximations
of pressure and displacement (e.g., piecewise continuous interpola-
tion) are used (Vermeer and Verruijt 1981; Murad and Loula 1994;
White and Borja 2008). Stabilization techniques for such spurious
pressure oscillations have been studied by several authors (Murad
and Loula 1992, 1994; Wan 2002; Truty and Zimmermann 2006;
White and Borja 2008).

We partition the domain into nonoverlapping elements (grid-
blocks), 4 =¥ Q) where n,,, is the number of elements. Let

QcI}(Q) and U c [H‘(Q)]d (where d = 2, 3 is the number of
space dimensions) be the functional spaces of the solution for
pressure p and displacements u. Let O, and I, be the correspond-
ing function spaces for the test functions ¢ and n, for flow and
mechanics, respectively (Jha and Juanes 2007); and let Q,, Qh,()’ u,,
and U, , be the corresponding finite-dimensional subspaces. Then,
the discrete approximation of the weak form of the governing equa-
tions (Egs. 1 and 9) becomes: Find (uh,ph) €U, xQ, such that

JQGrad:nh 10,dQ = Jﬂnh -p,gdQ+ .[rgnh tdl', Vm, €U,

1 om,
o .[9 $r, dQ+J ¢, Divv,dQ)

= [ @ fQ, Vo, €Q (15)

The pressure and displacement fields are approximated as fol-
lows:
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R Iteration R Iteration
Mechanics Dive+pgz=0 Mechanics
dp=0 dm=10

l l

Flow 9m+Divw=p.f Flow
a2 determined
Drained split Undrained split

(@)

— Iteration — [teration

| |

Flow 2m+Divw=pg../ Flow
e, =0 do, =0
J, Dive+p,g=0 v
Mechanics  p : determined Mechanics

| _ |

Fixed-strain split Fixed-stress split

(b)

Fig. 1—lteratively coupled methods for flow and geomechanics. (a) Drained and undrained split methods. (b) Fixed-strain and
fixed-stress split methods. The symbol (') denotes time derivative, d( )/ dt.

"elem
Ph= 2P (16)
Jj=1
"hode
w,= >mU, ... (17)
b=1
where n,,,. is the number of nodes, P, are the element pressures, and

U, are the displacement vectors at the element nodes (vertices).
We restrict our analysis to pressure shape functions that are
piecewise constant, so that ¢, takes a constant value of unity over
Element j and O at all other elements. Therefore, Eq. 15 can be
interpreted as a mass-conservation statement element by element.
The second term can be integrated by parts to arrive at the sum of

integral fluxes V, ; between Element i and its adjacent Elements j:

jﬂ¢iDivvth = _Jan.v” -n,dl’

Mace Mface

:_ler_jvh-nidrz—z;w,, ....................... (18)
j= Jj=

ij

The interelement flux can be evaluated using a two-point or a
multipoint flux approximation (Aavatsmark 2002).

The displacement interpolation functions are the usual C’-con-
tinuous isoparametric functions, such that 7, takes a value of unity
at Node b and zero at all other nodes. Inserting the interpolation
from Eqgs. 16 and 17 and testing Eqs. 14 and 15 against each
individual shape function, the semidiscrete finite-element/finite-
volume equations can be written as

IQBZUrde = Jﬂnapbgdﬂ+ J.F n,tdl, Va=1,..n,

........................ 19)
1 aP[ agl’ Mace
Jo 303 90+ [, 050 2V
= [ O, Vis i (20)

where Eq. 20 is obtained from Eqgs. 3, 15, and 18.
The matrix B, is the linearized strain operator, which, in two
dimensions, takes the form

dm, O
B,=| 0 9m | oo 1)
9,m, 9.,
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The stress and strain tensors are expressed in compact engineering
notation (Hughes 1987). For example, in two dimensions,

The stress/strain relation for linear poroelasticity takes the form

o,=0,-bp,1,
507 =Dde,,

where o' is the effective stress tensor and D is the elasticity matrix,
which, for 2D plane-strain conditions, reads

. v
1-v 1-v
By N v v (24)
1+v)a-2v)|1-» 1-v
14 14
1
1-v 1-v

where E is Young’s modulus, and v is Poisson’s ratio.

The coupled equations of quasistatic poromechanics form an
elliptic/parabolic system of equations. A fully discrete system of
equations can be obtained by discretizing the mass accumulation
term in Egs. 19 and 20 with respect to time. Throughout this paper,
the backward Euler method is used for time discretization.

Solution Strategies

A primary objective of this work is to analyze the stability of
sequential-implicit solution schemes for coupled flow and mechan-
ics in porous media, where the two problems of flow and mechan-
ics are solved in sequence such that each problem is solved using
implicit time discretization. We analyze four sequential-implicit
solution strategies—namely, drained, undrained, fixed-strain, and
fixed-stress. Because we use the fully coupled scheme as reference,
we also summarize its stability property.

The drained and undrained splits solve the mechanical problem
first, and then they solve the fluid-flow problem (Fig. 1a). In contrast,
the fixed-strain and fixed-stress splits solve for the fluid-flow problem
first and then they solve the mechanical problem (Fig. 1b).
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Fully Coupled Method. Let us denote by A the operator of the
original problem (Egs. 1 and 9). The discrete approximation of
this operator corresponding to the fully coupled method can be
represented as

u" [Ae|u™ Dive +p,g=0
=l . | where A iq .

p’ p’ m+D1vq=pfyof

where (*) denotes time derivative. Using a backward Euler time

discretization in Eqs. 19 and 20, the residual form of the fully
discrete coupled equations is

R! = [ Blo}"dQ~ [ 7,0,"2d0

—J ML, VA=l (26)
R’ = “ii(})inﬂ _Pin)dQ"-JQib(S;"r] ~)d0
_Atffv,;j;l — At jﬂ £, Vislang, e @7
J=1 i

where R and R’ are the residuals for mechanics (Node a) and flow
(Element i), respectively. The superscript n indicates the time level.
The set of Egs. 26 and 27 is to be solved for the nodal displace-

ments u""' = {U:“} and element pressures p"*' = {Pj"“} (a total

of dxn, . +n,., unknowns). Given an approximation of the solution
[um!® p1®] where (k) denotes the iteration level, Newton’s method
leads to the following system of equations for the corrections:

K —LT su n+1(k) R" n+1,(k)
L F |é&p TR
< -

J

where J is the Jacobian matrix, K is the stiffness matrix, L is the
coupling poromechanics matrix, and F = Q+Az T is the flow matrix
(Q is the compressibility matrix, and T is the transmissibility
matrix). The entries of the different matrices are

K, =[BDBAQ, ... (29)

L, = [ ¢b(Gradn,) dQ, ... (30)
and

Q,= J.“gol.M’lgode, .............................. @31

and T}, is the transmissibility between Gridblocks i and j. The fully
coupled method computes the Jacobian matrix J and determines
éu and ép simultaneously, iterating until convergence.

Drained Split. In this scheme, the solution is obtained sequentially
by first solving the mechanics problem and then the flow prob-
lem. The pressure field is frozen when the mechanical problem
is solved. The drained-split approximation of the operator A can
be written as

un Atli‘r un+l A;r un+l
n - n - n+l |’
p p p

u

A :Dive+p,g=0,6p=0
where

o , . (32)
Aj m+Divq=p,,f,€: determined

One solves the mechanical problem with no pressure change, then
the fluid-flow problem is solved with a frozen displacement field.
We write the drained split as
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K -L'[[éu] [K 0][8u] [0 L"| du

L F [[op| |[L F|ép| |0 ol|dp[
where we have dropped the explicit reference to the timestep
n+1 and iteration (k). In the drained split (6p = 0), we solve the
mechanics problem first: Kéu = —R*. Then, the flow problem is

solved: Fop = —R’-Léu. In this scheme, the fluid is allowed to
flow when the mechanical problem is solved.

Undrained Split. In contrast to the drained method, the undrained
split uses a different pressure predictor for the mechanical prob-
lem, which is computed by imposing that the fluid mass in each
gridblock remains constant during the mechanical step (ém = 0).
The original operator A is split as follows:

P R A
n - il - n+l |?
p p ? P
A :Divoe+p,g=0,6m=0
where | A7 :rit+Divq=p,,f,€: determinec.

The undrained strategy allows the pressure to change locally when
the mechanical problem is solved. From Eq. 3, the undrained con-
dition (ém = 0) yields

0=b8€,+—0p, ..o (35)
and the pressure is updated locally in each element using
n+l 1
p *=p'— bM(g’f*E _ 8")' ......................... (36)
For the mechanical problem, Eq. 2 is discretized as follows:
n+l n+l 1
o 2-0,=C,:¢ 2—b(p”*i_po)l. ............... (37)

After substituting Eq. 36 into Eq. 37, the mechanical problem can
be expressed in terms of displacements using the undrained bulk
modulus, C,, =C,, +b’M1®1. We write the undrained split as
follows:

K -L"|[éu
L F ||op
[K+L'Q'L o0]fdu] [L'Q'L L' |[éu
- L Fllsp| | o 0| op|

Note that the undrained condition is written as Qép+Ldu = 0.
This implies (K+L’Q™'L)éu = —R" during the mechanical step.
The matrix multiplication for calculating L’Q'L is not required
because this calculation simply entails using the undrained moduli.
Then, the fluid-flow problem is solved with Fép = —R’—Léu. The
additional computational cost is negligible because the calculation
of p™1? is explicit.

Fixed-Strain Split. In this scheme, the flow problem is solved

first. The original operator 4 is approximated and split in the
following manner:

1
un Axpn nt— A;:’ un+1
[ i ]% u 2 %IV " }’
p pn+l p
Al :m+Divq=p,.f,0¢,=0
where | A" :Divo+p,g=0,p:determined. ........... (39)
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For the fixed-strain split, 8¢, = 0, which implies that £ = £”, so

the volumetric strain term b€, in the accumulation term of Eq. 11
for the flow problem is computed explicitly. We write the fixed-
strain split as follows:

K -L"|[éu] [K -L"|[6u 0 0] éu “0)

L F |é6p|] |0 F |dp]| [-L Ofop|
We first solve the flow problem Fép = —R” while freezing the strain
field (i.e., 6¢ =0, or equivalently —Léu = 0). Then, we solve the
mechanical problem as Kéu = —R“+L78p. It is worth noting that

the mechanical problem uses the drained rock properties, and that
the pressure corrections act as loads (Settari and Mourits 1998).

Fixed-Stress Split. In this case, the flow problem is solved first but
now freezing the total mean stress field (5d, = 0= ¢""* = ¢"), so
the volumetric stress term (b /K ,)o"v in the accumulation term of
Eq. 13 for the flow problem is computed explicitly.

The original operator A is decomposed as follows:

un Aspx un+% AA'MA‘ un+1
- - ,
pn an pn+l
where Al :m+Divq=p,,f,8¢,=0
A :Divo+p,g=0,p: determined’
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If we fix the rate of the entire stress tensor field during the
solution of the flow problem, the condition to be satisfied is
—Léu+LK'L8p = 0. We write the fixed-stress split as

K -L| éu
{L F ][51)}

K -L' Su 0 0 Su
:[0 F+LK'LT:|[5p]_[—L LKILT][6P]'

Thus, in the fixed-stress split, we first solve the flow problem
with (F+LK'L")p = —R*. However, the full matrix inversion and
multiplication LK™'L? is not required because rate of mean stress
is kept constant by introducing the term 5%/K, locally in each ele-
ment (see Eq. 13). Once the flow problem is solved, we solve the
mechanical problem exactly as for the fixed-strain split.

Fixed-Strain and Fixed-Stress Methods vs. the Pore-Compress-
ibility Approach. In traditional reservoir simulation, the pressure
equation typically employs a pore compressibility c,, expressed as

(hoc, + ¢ocp)%+Divv =f.

The pore compressibility is not an intrinsic parameter of the rock
because it depends on the deformation scenario and the boundary
conditions of the coupled problem. It is used in traditional reservoir
simulation as a simplified way to account for changes in the state
of stress and strain in the reservoir (Settari and Mourits 1998; Set-
tari and Walters 2001). From Egs. 5, 11, and 43, the fixed-strain
split takes ¢yc, |, as (b—¢)/K,, and bé, as a correction source
term from mechanical effects. Similarly, from Equations 5, 13,
and 43, the fixed-stress split takes ¢, |,=(b—¢,)/ K, +b* | K,
and b/K, o, as a correction source term from the mechanical
solution. The expression for the pore compressibility associated
with the fixed-stress split coincides with the one proposed by Set-
tari and Mourits (1998) (although for linear poroelasticity only).
Other values of ¢, can be used in order to enhance the stability
and convergence of a sequential-implicit scheme. This possibility
was studied, in the context of linear poroelasticity, by Bevillon and
Masson (2000) and Mainguy and Longuemare (2002).

254

In order to account for geomechanical effects properly, a cor-
rection needs to be included as a source term. This source term
is known as porosity correction A® (Mainguy and Longuemare
2002) and takes the following two equivalent expressions:

Ad):(¢0cp+¢°K_b)p—bs'v, (fomEq. 11) .......... (44)
_ b b (L1,
_(§l5ocp+KY Kdr]p (Kd, KY]UV,(fromEq. 13).
....................... (45)

Even though the pore compressibility has been recognized as a
stabilization term, a complete stability analysis and comparison
study of sequential methods including plasticity is lacking. In the
next section, we analyze the stability and accuracy of the four
sequential methods presented here.

Stability Analysis for Linear Poroelasticity

Von Neumann Stability Analysis. We use the von Neumann
method to analyze the stability of sequential-implicit coupling
strategies. This method is frequently used to analyze the stability
of linear, or linearized, problems with respect to time [see, for
example, Strikwerda (2004), Miga et al. (1998), and Wan et al.
(2005)]. The details of the stability analysis are given elsewhere
(Kim 2010). Here, we simply report the expressions (either
explicit or quadratic equations) of the amplification factors vy for
1D problems.

Fully coupled:
0,
fe <1
K, kAt 1 -
ﬁd"’bz +Kdr7F2(1_COS0)

Drained split:

kAt 1

K,
Py K S —2(1—
[ " ( cosa)}‘ ..................... 47)

K
X’yjr_(ﬁ_bz)ydr ~b*=0

Undrained split:
0,
K, +b’M N b*MkAt 1
Yud = M wh

K, +b°M (K, +b°M)kAt 1
dr +( & ) —2(1-cosh)
M " h

2(1-cos6)

Fixed-strain split:

K, kAt 1
[ dr +Kd,hZZ(1—cost9):|7S2,,
n

M
Kd 2 2
—| = —p? |y, -b* =0
[M ]’y.ﬁ‘l

Fixed-stress split:
0,

&H)Z

’Yxs = M < ]

K kAt 1 -
ﬁ+b2+Kdr7 2(1—0050)

w b

........... (50)
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Fig. 2—1D problem with injection and production wells (Case 1).

In these expressions, Az and h are the timestep size and spatial
grid spacing, respectively, and 6 is the phase parameter in the von
Neumann method.

The amplification factors are less than unity and non-negative
for the fully coupled (y,), undrained (v,,), and fixed-stress ()
schemes; as a result, unconditional stability and nonoscillatory
solutions as a function of time are expected for these methods. Note
that the amplification factors of the fixed-stress split (Eq. 50) and
the fully coupled scheme (Eq. 46) are identical. Numerical simula-
tions, which are discussed later, confirm that the fixed-stress split
enjoys excellent stability and convergence properties.

Eqgs. 47 and 49 indicate that the amplification factors of the
drained and fixed-strain splits are the same. Therefore, the drained
and fixed-strain methods are conditionally stable and they share
the same stability limit—namely,

2
sz MSl,
K,

where 7 is referred to as the coupling strength and is given by the
ratio of the bulk stiffness of the fluid to that of the solid skeleton.
The stability results can be extended from one to multiple dimen-
sions because the coupling between flow and mechanics is taken as
a volumetric response, which is a scalar quantity. In one dimension,
K, is the constrained modulus. In the 2D plane-strain case, K, is

ZlgDmlz; in three dimensions, K, is the drained bulk modulus,
Lo 1

which is given by §1§D 1,, where 1§ = [1,1,0], 1§ = [1,1,1,0,0,0],
D, is a 3x3 matrix given by Eq. 24, and D, is a 6x6 matrix involv-
ing the drained moduli (Hughes 1987). The coupling strength can
be extended to multidimensional elastoplasticity, as follows:

dr

b’M

TS T e (52)

T
513 Dep 13
where D, is the elastoplastic tangent modulus (in compact engi-
neering notation) in three dimensions.

It is important to note that the drained and fixed-strain methods
have negative amplification factors, which implies the possibility
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of oscillatory numerical behavior as a function of time, even when
the stability limit is honored. This is confirmed by the numerical
solutions (Kim 2010).

In reservoir-engineering applications, the fluid system (usually
oil and water) is assumed to be (at minimum) slightly compressible.
Nevertheless, it is important to understand the stability characteris-
tics of coupled flow-mechanics problems in the limit of incompress-
ible fluids. When both the fluid and solid (the grains that makes up
the rock) are incompressible, the Biot modulus M is infinite. As a
result, the coupling strength 7, as defined here, is infinite. In this
case, the fixed-stress split has max(|y|) <1 indicating stability. In
contrast, the undrained split in this case has distinct amplification
factors with max(|y|) =1, which indicates bounded error propaga-
tion (stability) but with expected convergence difficulties (Kim
2010). Note that, in this (incompressible) limit case, both the
drained and fixed-strain methods are unconditionally unstable.

Numerical Simulations. Numerical solutions of simple 1D prob-
lems confirm that the undrained and fixed-stress methods are
unconditionally stable and convergent (Kim 2010). These 1D
solutions also confirm that the stability criteria for the drained and
fixed-strain splits are valid and sharp. That is, small violations of
the stability limit lead to unstable solutions. Moreover, consistent
with Eq. 51, the numerical solutions confirm that the drained and
fixed-strain stability limit depends on the coupling strength only
and is independent of the timestep size. The details of these simple
1D test cases are given elsewhere (Kim 2010).

Next, we describe the results from numerical simulations of
three test cases.

e Case 1—Injection and production in a 1D poroelastic medium.
The driving force is from injection and production (Fig. 2). The
focus is on the behavior as a function of coupling strength. Dila-
tion and compaction take place around the injection and produc-
tion wells.

e Case 2—Mandel’s problem in a 2D elastic medium. The driv-
ing force is provided by the sideburden (Fig. 3a).

e Case 3—Fluid-production scenario in two dimensions with
elastoplastic behavior described by the modified Cam-clay model.
Compaction of the reservoir occurs because of production (Fig.
3b). Plasticity leads to significant compaction.

Next, the results for the first two cases, which assume linear
poroelastic behavior, are presented. The results are based on one
iteration per timestep (i.e., solve one problem implicitly, then solve
the other problem, also implicitly), unless noted otherwise.

Case 1. The numerical values of the parameters for Case 1 are
given in Table 1. Here b = 1.0 (i.e., incompressible solid grains,
K, = ). Given the coupling strength 7, M = 7K, /b*. Fig. 4 shows
a comparison between the undrained and fixed-stress schemes for
Case 1 with high coupling strength. As shown in the figure, the
fixed-stress scheme converges after one iteration per timestep. This
behavior is consistent with the fact that the amplification factors
of the fully coupled and fixed-stress split methods are identical.
On the other hand, several iterations are required in order for the
undrained method to match (within a very small tolerance) the fully
coupled solution. For this linear coupled problem, the fixed-stress
split takes two iterations to match the fully coupled solution when
the exact K, is used (Kim 2010). In problems with more complex
boundary conditions, estimating K, can be quite difficult and is, in
fact, part of the problem. In such problems, the fixed-stress scheme
may require several iterations to converge.

Case 2—Mandel’s Problem. Mandel’s problem is commonly
used to validate simulators of coupled flow and geomechanics.
A detailed description and analytical solution of Mandel’s prob-
lem is presented in Abousleiman et al. (1996). The input param-
eters are listed in Table 2. Fig. 5 shows that the drained method
(Fig. 5a) is stable when 7 is less than unity, while it is unstable
when 7 is greater than unity. Furthermore, severe oscillations are
observed even though the drained split is stable. Because of the
oscillations, the early-time solution is not computed properly in
the drained split even though the late-time solution converges to
the analytical results. On the other hand, the undrained method
shows unconditional stability and yields a numerical solution that
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Fig. 3—(a) Mandel’'s problem in 2D with elastic deformation (Case 2). (b) 2D problem driven by single-well production in an

elastoplastic medium (Case 3).

matches the analytical solution for all time. Fig. 6 indicates that the
fixed-strain split (Fig. 6a) is stable for 7 < 1, while it is unstable
when 7> 1. Similar to the drained split method, the fixed-strain
split method can suffer from severe oscillations at early time. The
fixed-stress split, on the other hand, is stable and nonoscillatory
under all conditions.

TABLE 1—INPUT DATA FOR CASE 1
Property Value
Permeability (k) 50 md
Porosity (¢o) 0.3
Constrained modulus (Kg) 100 MPa
Biot coefficient (b) 1.0
Bulk density (o») 2400 kg m™
Fluid density (oro) 1000 kg m™
Fluid viscosity (u) 1.0cp
Injection rate (Qin) 100 kg day™
Production rate (Qproq) 100 kg day™
Boundary pressure (p) 2.125 MPa
Overburden () 2.125 MPa
Grid spacing (Az) 10m
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7=12.12

—% — Fixed stress 1 iteration
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Fig. 4—Behavior of the undrained and fixed-stress splits for
cases with very high coupling strength: Case 1 with = 12.12.
The fixed-stress method requires a single iteration per timestep
to match the fully coupled solution, while many more iterations
are required for the undrained method.
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TABLE 2—INPUT DATA FOR CASE 2
Property Value
Permeability (k) 50 md
Porosity (¢) 0.3
Young modulus (E) 2900 MPa
Poisson ratio (v) 0
Biot coefficient (b) 1.0
Bulk density (0») 2400 kg m™®
Fluid density (00) 1000 kg m™®
Fluid viscosity () 1.0 cp
Initial pressure (p)) 2.125 MPa
Boundary pressure (p ) 2.125 MPa
Site burden 4 x2.125 MPa
Overburden (o) 2.125 MPa
Grid spacing (Ax) 0.005 m
Grid spacing (Az) 20m
Grid 4x25

The Mandel-Cryer effect, where a rise in the pressure during
early time is observed, can be captured by properly constructed
sequential methods. All solutions from the fully coupled, und-
rained, and fixed-stress methods are in good agreement with the
analytical solution.

Stability Analysis: Nonlinear
Poroelastoplasticity

Coupling With Elastoplasticity. The coupling between the
mechanical and flow problems in the elastoplastic regime under
isothermal conditions is modeled by the following constitutive
equations (Coussy 1995):

o0-0,=C,: (8 8) b(p—po)1

Mandel’s problem, t=0.90

0.9 T T :

: — Analytic solution
0.8 » +  Fully coupled

. — — Undrained
0.71 Drained

% X

Dimensionless pressure (P-F)/P,

0 : :
0 2 4 6 8

Dimensionless time (td=4cvt/(Lz)2)

(a)

1 1
a(m_mo)_qsp - b(g\’ £p,v)+ﬁ(p_p0)’

where €, is the linearized plastic strain tensor from inelasticity, €, ,
=tr(g,), and ¢, is the plastic porosity. The plastic porosity and plas-
tic strain can be related to each other by assuming that ¢1 =pe,,
Here, we assume that 8 = b (Armero 1999). Note that 8= b = 1 1f
the solid grains are incompressible. The relation between the total
stress ¢ and total strain € is written as

o-0,=C,: (8 € ) b(p—po)l
=C,:e-b(p-py)l, ................ (55)
where C,, is the rank-4 elastoplastic tangent tensor. The compact

engineering notations for C,, and 1 are D,, and 17, respectively
(this notation is also employed in Eq. 52). Elastoplasticity renders
the mechanical problem highly nonlinear.

Stability analysis of slightly compressible flow and nonlinear
mechanical deformation can be performed using the von Neumann
method through linearization of the problem. The difference with
respect to the linear problem is that the coefficients of the stability
conditions, such as D,, and K, are linearized around values from
the previous iteration (usmg Newton’s method, for example).

Our analysis of the linearized systems shows that the fully
coupled, undrained, and fixed-stress methods yield unconditional
stability regardless of D,, and K. However, the drained and fixed-
strain methods show strong dependence on the coupling strength
defined in Eq. 52. This implies that the drained and fixed-strain
methods can be unstable as the medium begins to yield (plastic
regime), even if they satisfy the stability conditions at the begin-
ning of a simulation (elastic regime).

For nonlinear problems, one can apply a sequential solution
method before or after linearization. In this paper, we are inter-
ested in sequential implicit/implicit schemes, where each iteration
involves solving two problems in sequence, such that each problem,
which may be nonlinear, is solved implicitly. For a given timestep,
a single-pass strategy would entail solving the first subproblem

Mandel’s problem, t=1.10

I ——Analytic solution
- 0.8p +  Fully coupled
= i — - — Undrained
Qs I, i
9; 0.7 S % Drained
o 0.6} |
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2 4
8 0.5} ]
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B 041 i
ko) :
S 03} 1
(9]
C :
g 02f 1
04| _
O 1 1 1 1 1 1
0 1 2 3 4 5 6

Dimensionless time (td=4cvt/(Lz)2)
(b)

Fig. 5—Case 2 (Mandel’s problem). Evolution of the pressure at the observation point as a function of dimensionless time. The
results of the fully coupled, drained, and undrained methods are shown for two values of the coupling strength: (a) = = 0.90; (b)

7= 1.10.¢, = 3GAL

'z

reservoir domain.
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where c, is the consolidation coefficient defined as ¢, =

k

W and L, is the vertical length of the
dr+ cf
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Fig. 6—Case 2 (Mandel’s problem). Evolution of the pressure at the observation point, as a function of dimensionless time. Shown
are the results for the fully coupled, fixed-strain, and fixed-stress splits. (a) = = 0.90; (b) = 1.10.

implicitly (subject to a given tolerance), updating the appropriate
terms to set up the second problem, and solving the second problem
implicitly. We then move to the next timestep. One can also iterate
by repeating the implicit/implicit solution sequence.

Numerical Simulations. To test the validity of the results obtained
from our linearized stability analysis, we perform numerical experi-
ments for Case 3. We adopt an associated plasticity formulation
(Simo 1991; Simo and Hughes 1998; Coussy 1995). The yield func-
tion f, of the modified Cam-clay model is (Borja and Lee 1990)

’2

q

fr = M +0(0=p,)=0, o (56)
TABLE 3—INPUT DATA FOR CASE 3
Property Value
Permeability (k) 50 md
Porosity (¢o) 0.3
Young modulus (E) 350 MPa
Poisson ratio (v) 0.35

Biot coefficient (b) 1.0

Bulk density (o) 2400 kg m™
Fluid density (00) 1000 kg m™®
Fluid viscosity (u) 1.0 cp
Virgin compression index (1) 0.37
Swell index (k) 0.054

Critical state slope (Mmcc) 1.4

Preconsolidation pressure (peo,) -1.0 MPa
Initial pressure (po) 2.125 MPa
Sideburden ( o), ) 2.125 MPa
Overburden (o, ) 2.125 MPa
Grid spacing (Ax) 10m
Grid spacing (Az) 10 m
Grid 5x5
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where ¢’ is the deviatoric effective stress, o7, is the volumetric
effective stress, M, is the slope of the critical state line, and p_, is
the preconsolidation pressure. The input parameters for Case 3 are
listed in Table 3. The parameter A is the virgin compression index,
and « is the swell index. The schematic of the return mapping for
the modified Cam-clay model is illustrated in Fig. 7 [refer to Borja
and Lee (1990) for more details]. We employ full iteration with a
consistent return-mapping algorithm (Simo and Hughes 1998).
Fig. 8 shows that the drained and fixed-strain split methods
are stable during the early-time elastic regime, which has a weak
coupling strength (7 < 1). However, when plasticity is reached,
the solution by the drained method is no longer stable because
the coupling strength increases dramatically. Fig. 9 depicts the
variation of the coupling strength during the simulation. It is clear
that, when the coupling strength increases beyond unity, the solu-
tion by the drained and fixed-strain methods becomes unstable. No
solution by the drained and fixed-strain split methods is possible
after plasticity. On the other hand, the fully coupled, undrained,
and fixed-stress methods provide stable results well into the plastic
regime, as shown in Figure 8. In particular, the solution of the fully

‘ntl.trial
Critical state line

Fig. 7—Schematic of the return mapping algorithm for the
modified Cam-clay model.
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Fig. 8—Case 3 (2D production test in the elastoplastic regime). Evolution of the dimensionless pressure at the observation point

is shown as a function of dimensionless time (pore volumes produced). (a) Fully coupled, drained, and undrained numerical
solutions. (b) Fully coupled, fixed-strain, and fixed-stress solutions. The undrained and fixed-stress splits yield stable solution,

while the drained and fixed-strain splits become unstable as the problem enters the plastic regime.

coupled method is matched by the undrained and fixed-stress splits
after only two iterations.

We also show the results using full Newton iterations (i.e., a
sequential solution strategy is employed to solve the linear system
of equations associated with each Newton iteration of the fully
coupled system). Fig. 10 shows that, using such a strategy, the
drained and fixed-strain splits are unstable as we enter the plastic
regime, even though they are stable in the elastic regime. On the
other hand, the undrained and fixed-stress splits are stable, even
for plastic deformation.

Variation of r during simulation

8

-1 W o0 0K |
X

6f ' ]

Coupling strength (z)
N

0 1 1 1 1
0 0.01 0.02 0.03 0.04
Dimensionless time (pore volume produced)
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Fig. 9—Variation of the coupling strength r during the course
of the simulation for Case 3. The coupling strength, initially
less than unity, jumps to a very high value when the medium
enters the plastic regime, rendering the drained and fixed-strain
methods unstable.
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Summary and Conclusions

We employed the von Neumann method to analyze the stabil-
ity properties of several sequential-implicit solution strategies
for coupled flow and mechanical deformation in oil reservoirs.
Detailed numerical simulations of several representative problems
were used to test the validity of the stability analysis. The study
is limited to single-phase flow of a slightly compressible fluid;
however, both elastic and elastoplastic material behaviors are
investigated. The four sequential methods investigated fall into two
categories: those that solve the mechanical problem first (drained
and undrained splits) and those that solve the flow problem first
(fixed-strain and fixed-stress splits).

The drained split, in which the pressure is frozen while solving
the mechanics problem, and the fixed-strain split, in which the
displacements are frozen while solving the flow problem, are the
obvious sequential solution strategies. As we show quite clearly
in this work, however, these two schemes suffer from severe
stability and convergence problems. Specifically, the drained and
fixed-strain split methods are conditionally stable; moreover, their
stability limit (7 < 1) depends on the coupling strength only and
is independent of timestep size. Thus, physical problems with high
coupling strength (i.e., 7> 1) cannot be solved by the drained or
fixed-strain split methods, regardless of the timestep size. Even
when they are stable, the drained and fixed-strain splits display
oscillatory behavior, which is implied by their negative amplifica-
tion factors.

In contrast, the undrained and fixed-stress methods show
unconditional stability for both elasticity and elastoplasticity.
These sequential methods can be applied safely to model porome-
chanical problems of practical interest, such as compressible solid
grains and plasticity with hardening. Moreover, in addition to the
amplification factors being less than unity, they are positive; as a
result, the numerical solutions do not exhibit oscillations in time.

While the undrained split and fixed-stress split have similar
stability properties, we have found that, for the problems we
studied, the fixed-stress scheme converges much faster than the
undrained method. This behavior was observed across a wide
range of coupling strengths. On the basis of these findings, we
strongly recommend the fixed-stress split over the other sequential-
implicit methods for modeling coupled geomechanics and flow in
oil reservoirs.
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Fig. 10—Case 4 (2D production test in elastoplastic regime). Shown is the evolution of the dimensionless pressure at the observa-
tion point against dimensionless time (pore volumes produced). (a) Fully coupled, drained, and undrained numerical solutions.
(b) Fully coupled, fixed-strain, and fixed-stress solutions. The model enters the plastic regime at , ~ 0.018. Beyond this point,
the drained and fixed-strain methods become unstable and fail to produce a solution at all.

Nomenclature Mg, = number of elements
b = Biot’s coefficient Mooge = NUmMber of nodes
B, = linearized strain operator p = fluid pressure
B, = formation volume factor of the fluid p = boundary pressure
¢, = fluid compressibility, 1/K, p,, = preconsolidation pressure of the modified Cam-clay
¢, = pore compressibility mg@el
¢, = consolidation coefficient p; = initial pressure
C,, = rank-4 drained elasticity tensor P; = pressure at Element j
C,, = rank-4 elastoplastic tangent tensor q= ﬂuid mass flux (fluid mass flow rate per unit area and
C,, = rank-4 undrained elasticity tensor time)

q' = deviatoric effective stress

D, = elasticity matrix for the plane-strain case in two dimen- - .
sions Q = compressibility matrix
D, = drained modulus matrix (compact engineering notation 0, = injection rate

for C,,) in three dimensions O,0a = production rate
D, = elastoplastic tangent modulus matrix (compact engineer- R],R? = residuals for mechanics (Node a) and flow (Element j)

€] 7
' ing notation for C,,) in three dimensions s = deviatoric total stress tensor
Div(-) = divergence operator T = transmissibility matrix
e = deviatoric part of the strain tensor T, = transmissibility between Gridblocks 7 and j
”epd = L, norm of the error for the dimensionless pressure u = displacement

E =Young’s modulus U, = displacement vector at the Node b
f = volumetric source term for flow v = fluid velocity

f, = yield function for elastoplasticity V,,; = flux between Gridblocks i and j
F = flow matrix At = timestep size
g = gravity vector Ax = grid spacing on the x axis
h = grid spacing used in the von Neumann method Az = grid spacing on the z axis
J = Jacobian matrix v,, = amplification factor of the drained split
k = absolute permeability tensor 7, = amplification factor of the fully coupled method
K = stiffness matrix v,, = amplification factor of the fixed-strain split

K, = drained bulk modulus used for the definition of the cou- v,, = amplification factor of the fixed-stress split

pling strength v,. = amplification factor of the undrained split

K, = bulk modulus of the fluid € = linearized strain tensor

K, = bulk modulus of the solid grain €, = linearized plastic-strain tensor

L = coupling poromechanics matrix &, = volumetric strain (the trace of the strain tensor)
m = fluid mass per unit bulk volume €,, = volumetric plastic strain (the trace of the plastic-strain
M = Biot’s modulus tensor)

M, . = slope of the critical state line of the modified Cam-clay m = test function for mechanics
model 0 = phase parameter in the von Neumann method
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swell index of the modified Cam-clay model
= virgin compression index of the modified Cam-clay model
fluid viscosity

= Poisson’s ratio

= bulk density

= fluid density

= density of the solid phase

= Cauchy total stress tensor

= effective stress tensor

= overburden

volumetric (mean) total stress
volumetric effective stress

= coupling strength

= test function for flow

true porosity, Euler’s porosity
= plastic porosity

= Lagrange’s porosity

= rank-2 identity tensor

(), = reference state

(-)* = number of space dimensions
(+), = dimensionless quantity

()" = time level

(-)* = iteration level

() = time derivative

.-‘e‘ﬁe.ﬁ q:qxeq Q\Q\Q;D\b? <~ T > x
|

Acknowledgments

This work was supported by Foundation CMG (Computer Modeling
Group), the Stanford University Petroleum Research Institute for Res-
ervoir Simulation (SUPRI-B), and the Massachusetts Institute of Tech-
nology Reed Research Fund and ARCO Chair in Energy Studies.

References

Aavatsmark, I. 2002. An Introduction to Multipoint Flux Approximations
for Quadrilateral Grids. Computational Geosciences 6 (3—4): 405-432.
doi: 10.1023/A:1021291114475.

Abousleiman, Y.N., Cheng, A.H., and Cui, L. 1996. Mandel’s problem
revisited. Geotechnique 46 (2): 195-197.

Armero, F. 1999. Formulation and Finite Element Implementation of
a Multiplicative Model of Coupled Poro-plasticity at Finite Strains
under Fully Saturated Conditions. Computer Methods in Applied
Mechanics and Engineering 171 (3—4): 205-241. doi: 10.1016/S0045-
7825(98)00211-4.

Armero, F. and Simo J.C. 1992. A New Unconditionally Stable Fractional
Step Method for Non-Linear Coupled Thermomechanical Problems.
International Journal for Numerical Methods in Engineering 35 (4):
737-766. doi: 10.1002/nme.1620350408.

Aziz, K. and Settari, A. 1979. Petroleum Reservoir Simulation. Essex, UK:
Elsevier Applied Science Publishers.

Bevillon, D. and Masson R. 2000. Stability and Convergence Analysis of
Partially Coupled Schemes for Geomechanical Reservoir simulations.
Paper presented at the European Conference on the Mathematics of Oil
Recovery, Baveno, Italy, 5-8 September.

Biot, M.A. 1941. General Theory of Three-Dimensional Consolidation.
J. Appl. Phys. 12 (2): 155-164. doi: 10.1063/1.1712886.

Borja, R.I. 2006. On the Mechanical Energy and Effective Stress in Satu-
rated and Unsaturated Porous Continua. International Journal of Solids
and Structures 43 (6): 1764—1786. doi: 10.1016/j.ijsolstr.2005.04.045.

Borja, R.I. and Lee, S.R. 1990. Cam-Clay Plasticity, Part I: Implicit Inte-
gration of Elasto-Plastic Constitutive Relations. Computer Methods in
Applied Mechanics and Engineering 78 (1): 49-72. doi: 10.1016/0045-
7825(90)90152-C.

Coussy, O. 1995. Mechanics of Porous Continua. Chichester, England:
John Wiley & Sons.

Dean, R.H., Gai, X., Stone, C.M., and Minkoff, S.E. 2006. A Comparison
of Techniques for Coupling Porous Flow and Geomechanics. SPE J.
11 (1): 132-140. SPE-79709-PA. doi: 10.2118/79709-PA.

Farhat, C., Park, K.C., and Dubois-Pelerin, Y. 1991. An Unconditionally Sta-
ble Staggered Algorithm for Transient Finite Element Analysis of Coupled

June 2011 SPE Journal

Thermoelastic Problems. Computer Methods in Applied Mechanics and
Engineering 85 (3): 349-365. doi: 10.1016/0045-7825(91)90102-C.
Felippa, C.A. and Park K.C. 1980. Staggered Transient Analysis Pro-
cedures for Coupled Mechanical Systems: Formulation. Computer
Methods in Applied Mechanics and Engineering 24 (1): 61-111. doi:

10.1016/0045-7825(80)90040-7.

Fredrich, J.T., Arguello, J.G., Deitrick, G.L., and de Rouffignac, E.P. 2000.
Geomechanical Modeling of Reservoir Compaction, Surface Subsid-
ence, and Casing Damage at the Belridge Diatomite Field. SPE Res
Eval & Eng 3 (4): 348-359. SPE-65354-PA. doi: 10.2118/65354-PA.

Gai, X. 2004. A Coupled Geomechanics and Reservoir Flow Model on Par-
allel Computers. PhD dissertation, The University of Texas at Austin,
Austin, Texas (August 2004).

Gai, X., Sun, S., Wheeler, M.F., and Klie, H. 2005. A Timestepping Scheme
for Coupled Reservoir Flow and Geomechanics on Nonmatching Grids.
Paper SPE 97054 presented at the SPE Annual Technical Conference
and Exhibition, Dallas, 9—12 October. doi: 10.2118/97054-MS.

Geertsma, J. 1957. The Effect of Fluid Pressure Decline on Volumetric
Change of Porous Rocks. SPE-728-G. Trans., AIME, 210: 331-340.

Huang, M. and Zienkiewicz, O.C. 1998. New Unconditionally Stable Stag-
gered Solution Procedures for Coupled Soil-Pore Fluid Dynamic Prob-
lems. International Journal for Numerical Methods in Engineering 43
(6): 1029-1052. doi: 10.1002/(SICI)1097-0207(19981130)43:6<1029::
AID-NME459>3.3.CO;2-8.

Hughes, T.J.R. 1987. The Finite Element Method: Linear Static and Dynamic
Finite Element Analysis. Englewood Cliffs, New Jersey: Prentice Hall.

Jeannin, L., Mainguy, M., Masson, R., and Vidal-Gilbert, S. 2006. Accel-
erating the Convergence of Coupled Geomechanical-Reservoir Simula-
tions. International Journal for Numerical and Analytical Methods in
Geomechanics 31 (10): 1163—1181. doi: 10.1002/nag.576.

Jha, B. and Juanes, R. 2007. A Locally Conservative Finite Element Frame-
work for the Simulation of Coupled Flow and Reservoir Geomechanics.
Acta Geotechnica 2 (3): 139-153. doi: 10.1007/s11440-007-0033-0.

Kim, J. 2010. Sequential Methods for Coupled Geomechanics and Multi-
phase flow. PhD dissertation, Stanford University, Stanford, California.

Lewis, R.W. and Schrefler, B.A. 1998. The Finite Element Method in the
Static and Dynamic Deformation and Consolidation of Porous Media,
second edition. New York: Wiley.

Lewis, R.W. and Sukirman, Y. 1993. Finite Element Modelling of Three-
Phase Flow in Deforming Saturated Oil Reservoirs. International
Journal for Numerical and Analytical Methods in Geomechanics 17
(8): 577-598. doi: 10.1002/nag.1610170804.

Li, P. and Chalaturnyk, R.J. 2005. Geomechanical Model of Oil Sands.
Paper SPE 97949 presented at the SPE/PS-CIM/CHOA International
Thermal Operations and Heavy Oil Symposium, Calgary, 1-3 Novem-
ber. doi: 10.2118/97949-MS.

Mainguy, M. and Longuemare, P. 2002. Coupling Fluid Flow and Rock
Mechanics: Formulations of the Partial Coupling Between Reservoir
and Geomechanics Simulators. Oil & Gas Science and Technology—Rev.
IFP 57 (4): 355-367. doi: 10.2516/0gst:2002023.

Miga, M.I., Paulsen K.D., and Kennedy F.E. 1998. Von Neumann Stability
Analysis of Biot’s General Two Dimensional Theory of Consolidation.
International Journal for Numerical Methods in Engineering 43 (5):
955-974. doi: 10.1002/(SICI)1097-0207(19981115)43:5<955::AID-
NME452>3.0.CO;2-Y.

Minkoff, S.E., Stone, M.C., Bryant, S., Peszynska, M., and Wheeler, M.F.
2003. Coupled Fluid Flow and Geomechanical Deformation Modeling. J.
Pet. Sci. Eng. 38 (1-2): 37-56. doi: 10.1016/S0920-4105(03)00021-4.

Murad, M.A. and Loula, AED. 1992. Improved Accuracy in Finite
Element Analysis of Biot’s Consolidation Problem. Computer Meth-
ods in Applied Mechanics and Engineering 95 (3): 359-382. doi:
10.1016/0045-7825(92)90193-N.

Murad, M.A. and Loula, A.ED. 1994. On Stability and Convergence
of Finite Element Approximations of Biot’s Consolidation Problem.
International Journal for Numerical Methods in Engineering 37 (4):
645-667. doi: 10.1002/nme.1620370407.

Park, K.C. 1983. Stabilization of Partitioned Solution Procedure for
Pore Fluid-Soil Interaction Analysis. International Journal for Numer-
ical Methods in Engineering 19 (11): 1669-1673. doi: 10.1002/
nme.1620191106.

Phillips, P.J. and Wheeler, M.F. 2007. A Coupling of Mixed and Continuous
Galerkin Finite Element Methods for Poroelasticity I: The Continuous

261



in Time Case. Computational Geosciences 11 (2): 131-144. doi:
10.1007/s10596-007-9045-y.

Phillips, P.J. and Wheeler, M.F. 2007. A Coupling of Mixed and Con-
tinuous Galerkin Finite Element Methods for Poroelasticity II: The
Discrete-in-Time Case. Computational Geosciences 11 (2): 145-158.
doi: 10.1007/s10596-007-9044-z.

Prevost, J.H. 1997. Partitioned Solution Procedure for Simultaneous Inte-
gration of Coupled-Field Problems. Communications in Numerical
Methods in Engineering 13 (4): 239-247. doi: 10.1002/(SICI)1099-
0887(199704)13:4<239::AID-CNM51>3.0.CO;2-2.

Samier, P. and Gennaro, S. 2007. A Practical Iterative Scheme for Coupling
Geomechanics with Reservoir Simulation. Paper SPE 107077 presented
at the EUROPE/EAGE Conference and Exhibition, London, 11-14
June. doi: 10.2118/107077-MS.

Settari, A. and Mourits, FEM. 1998. A Coupled Reservoir and Geomechani-
cal Simulation System. SPE J. 3 (3): 219-226. SPE-50939-PA. doi:
10.2118/50939-PA.

Settari, A. and Walters, D.A. 2001. Advances in Coupled Geomechanical
and Reservoir Modeling With Applications to Reservoir Compaction.
SPE J. 6 (3): 334-342. SPE-51927-PA. doi: 10.2118/51927-MS.

Simo, J.C. 1991. Nonlinear Stability of the Time-Discrete Variational
Problem of Evolution in Nonlinear Heat Conduction, Plasticity and Vis-
coplasticity. Computer Methods in Applied Mechanics and Engineering
88 (1): 111-131. doi: 10.1016/0045-7825(91)90235-X.

Simo, J.C. and Hughes, T.J.R. 1998. Computational Inelasticity. Heidel-
berg, Germany: Springer.

Strikwerda J.C. 2004. Finite Difference Schemes and Partial Differential
Equations, second edition. Philadelphia, Pennsylvania: SIAM.

Thomas, L.K., Chin L.Y., Pierson, R.G., and Sylte, J.E. 2003. Coupled
Geomechanics and Reservoir Simulation. SPE J. 8 (4): 350-358. SPE-
87339-PA. doi: 10.2118/87339-PA.

Tran, D., Nghiem, L., and Buchanan, L. 2005. Improved Iterative Cou-
pling of Geomechanics with Reservoir Simulation. Paper SPE 93244
presented at the SPE Reservoir Simulation Symposium, Houston, 31
January-2 February. doi: 10.2118/93244-MS.

Tran, D., Settari, A., and Nghiem, L. 2004. New Iterative Coupling
Between a Reservoir Simulator and a Geomechanics Module. SPE J.
9 (3): 362-369. SPE-88989-PA. doi: 10.2118/88989-PA.

Truty, A. and Zimmermann, T. 2006. Stabilized Mixed Finite Element
Formulations for Materially Nonlinear Partially Saturated Two-Phase
Media. Computer Methods in Applied Mechanics and Engineering 195
(13-16): 1517-1546. doi: 10.1016/j.cma.2005.05.044.

Vermeer, P.A. and Verruijt, A. 1981. An Accuracy Condition for Con-
solidation by Finite Elements. International Journal for Numerical
and Analytical Methods in Geomechanics 5 (1): 1-14. doi: 10.1002/
nag.1610050103.

262

Wan, J. 2002. Stabilized Finite Element Methods for Coupled Geomechanics
and Multiphase Flow. PhD dissertation, Stanford University, Stanford,
California.

Wan, J., Durlofsky L.J., Hughes T.J.R., and Aziz K. 2003. Stabilized Finite
Element Methods for Coupled Geomechanics-Reservoir Flow Simula-
tions. Paper SPE 79694 presented at the SPE Reservoir Simulation
Symposium, Houston, 3-5 February. doi: 10.2118/79694-MS.

Wan, J., Sarma, P., Usadi, A K., and Beckner, B.L. 2005. General Stability
Criteria for Compositional and Black-Oil Models. Paper SPE 93096
presented at the SPE Reservoir Simulation Symposium, The Wood-
lands, Texas, USA, 31 January—2 February. doi: 10.2118/93096-MS.

Wheeler, M.F. and Gai, X. 2007. Iteratively Coupled Mixed and Galer-
kin Finite Element Methods for Poro-Elasticity. Numerical Methods
for Partial Differential Equations 23 (4): 785-797. doi: 10.1002/
num.20258.

White, A.J. and Borja, R.I. 2008. Stabilized Low-Order Finite Elements
for Coupled Solid-Deformation/Fluid-Diffusion and their Application
to Fault Zone Transients. Computer Methods in Applied Mechanics and
Engineering 197 (49-50): 785-797. doi: 10.1016/j.cma.2008.05.015.

Zienkiewicz, O.C., Paul, D.K., and Chan, A.H.C. 1988. Unconditionally
Stable Staggered Solution Procedure For Soil-Pore Fluid Interaction
Problems. International Journal for Numerical Methods in Engineering
26 (5): 1039-1055. doi: 10.1002/nme.1620260504.

Jihoon Kim is a geological postdoctoral fellow in the Earth
Sciences Division af Lawrence Berkeley Natfional Laboratory.
He studies geomechanical responses on geothermal and
hydrate reservoirs. He holds a PhD degree in petroleum engi-
neering from Stanford University. Hamdi A. Tchelepi is associate
professor in the Department of Energy Resources Engineering
and is codirector of the Center for Computational Earth and
Environmental Sciences af Stanford University. He is inferested
in building computational frameworks for reservoir simula-
fion and subsurface carbon sequestration. Specific research
interests include modeling unstable flow processes, stochastic
numerical methods for uncertainty quantification, and muilti-
scale formulations for multiphase flow and transport. He holds a
PhD degree in petroleum engineering from Stanford University.
Ruben Juanes is the ARCO Associate Professor in Energy Studies,
in the Department of Civil and Environmental Engineering at
the Massachusetts Institute of Technology. Before joining MIT in
2006, he was acting assistant professor at Stanford University
(2003-05), and assistant professor at The University of Texas at
Austin (2006). He leads a research group in the area of mulfi-
phase flow in porous media, with application to energy-driven
problems, including oil and gas recovery, methane hydrates,
and geological carbon sequestration. He holds MS and PhD
degrees from the University of California at Berkeley.

June 2011 SPE Journal



